On Normalized Entropy and the Extensions
of a Positive-Definite Function

J. CHOVER

Communicated by W. FELLER

TABLE oF CONTENTS

Introduction . . . . . . . . . . ... 927
Part I. Normalized entropy (K)
1. Definitionof K. . . . . . . . . .. ... ... .... 928
2. Dependence of K on the set funetion . . . . . . . . . . .. 929
3. Dependence of K on the equivalence relation . . . . . . . . 930
4. Dependence of K on the field; equivalence induced by a group . 931
5. Finiteexamples . . . . . . . . . . .. ... 932
6. K defined relative to a base measure . . . . . . . . . . .. 932
7. K defined relative to translation . . . . . . . . . . . . .. 935
8. Cantormeasure . . . . . . . . . .. .00 e e 936
9. Mixed and singular measures . . . . . . . . . . . . ... 936
10. Two infinitecases . . . . . . . . . . . . . . . ... .. 937
11. Stochastic processes: entropy-per-unit-shift . . . . . . . . . 938
Part II. The normalized entropy of an extension of a positive definite
function
1. Restatement of the problem . . . . . . . . . . . . .. .. 940
2. Transferred entropy . . . . . . . . . . .. . ... ... 941
3. Proof of the existence and uniqueness theorem . . . . . . . . 943
References . . . . . . . . . . . . .o 945

Introduction. We consider in Part I a reformulation and generalization of the
entropy concept. In recent work, Kor.mocorov, GELFAND, YAGLoM, CHIANG,
et al (cf. [2], [5]-[8], [10], [12] in the references) have defined information and
entropy for subfields, or for measures, relative to a given probability measure
on a given Borel field. Here we define entropy for measures relative to a given
equivalence relation in a given field (§1). Our definition contains an (additive)
normalization factor.

For appropriate choice of equivalence relation, the normalized entropy con-
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