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1. Introduction. We obtain below interpolation properties and sharpened
error bounds for approximate piecewise polynomial solutions to

) u(zn)(ib) = r(z), a =z = b, nz=l,
@ u?@ =0, wP®) =0, §j=0,...,n—1

obtained by variational methods. It is classic that the exact solution of (1) — (2),
@(x), minimizes

b b
(3) Ju] = %f W™ @) dz — (=1)" f r(z)uz) dx.
over K?'*[a, b], the linear space of all real-valued functions u(z) defined on [a, b],
such that ©™ " (z) is absolutely continuous on [a, b], u™ (x) & L’[a, b], and u(x)
satisfies the homogeneous conditions (2).

Letmia =2, < < --- < xy = bbe any partition of [a,b] with A=max Az, .
For fixed n and = consider a two-parameter family of spaces F(m, p, 2m) con-
sisting of functions y ¢ C* '[a, b] which are polynomials of degree 2m — 1
on each subinterval [z;, x;.,], where m = n and n = p = 2m — 1. Finally

let Fo(r, p, 2m) C F(r, p, 2m) denote the subspaces of functions which satisfy (2).
We shall minimize J over each Fy(m, p, 2m).
Using the notation

z ty tji—1
y"”(x) = f f f y(t;) dt; - -+ dt, , iz1,

we state in the following theorem our main result, which is an extension of the
spline interpolation results of de Boor and Lynch [1].

Theorem 1. The minimum of J on Fo(w, p, 2m), wherem = n + ¢, ¢ = 0, and
n £ p = 2m — 1, ds given by § € Fo(m, p, 2m) which interpolates %" (x;) for all
ziemand j = — 2q, ... ,2n — p — 1, as well as 7" (a) and w (b) for j =
—-2q,...,n— 1.

2. Proof of Theorem 1 and error bounds. The proof of Theorem 1 requires
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