Multiple Solutions for a Class of Nonlinear

Boundary Value Problems

JOACHIM A. HEMPEL

Communicated by D. GILBARG

1. Introduction. This paper is concerned with the existence of multiple
solutions of variational boundary value problems of the following general form:

(1.1)

div (a(z) grad w) + c(x)u — bz, u) = 0, % = 0 on 9.

Q is a bounded region in Kuclidean n-space. a(z) is a measurable bounded
symmetrie (n X 7n) matrix with least eigenvalue greater than » > 0 for all
x & Q. ¢(x) is a non-negative function belonging to L,(Q) with p > n/2. b(z, t) is
measurable in z, continuous in ¢, and satisfies the following conditions.

(bi)
(b.ii)
(b.iii)

(b.iv)

b(x, —t) = —b(z, t) for all ¢t and almost all z.
tb(z, t) > 0 for all £ # 0 and almost all z.
For almost all », ¢7'b(x, {) is an increasing function of |{| such that

lim ¢7'b(x, §) = 0;  lim ¢ 'b(x, ) = c(@).
t—o

t—0
The second of these limits is allowed to be + .
Ifn > 1, |b(z, )] < m(z) + & |t|” where m(x) € L,(Q), ¢ = 2n/(n + 2);

r<(n+2)/(n—2).(Afn = 2andbis bounded in z it suffices to assume
that |b(z, t)| grows less rapidly than e'’.)

In Theorems 2 and 4, but not 1, 3 and 5, we also assume

(b.v)

For almost all z, b(z, t) is of class C* in ¢. Denote the first and second
partial derivatives with respect to ¢ by b’ and b" respectively. We assume
that b’(x, £) > t7'b(x, ) for ¢ > 0 and almost all z, and, if n > 1,

o' (z, ] < ma(e) + ko |77 807, )] S ma(z) + K )77,
where m,(x), mq(x) & L,,2(Q);r < (n + 2)/(n — 2).

Closely related to (1.1) is the linear characteristic value problem

(1.2)

div (a(x) grad w) + pc(@)w = 0, w = 0 on 0.
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