Interpolation by the Real Method between
BMO, L*0 < a < @) and H0 < a < @)
R. HANKS

0. Preliminaries. Suppose 4, and 4, are quasi-normed spaces continuously
embedded in a topological vector space A. In the real method of interpolation,
spaces intermediate between 4, and A, are defined by means of an interpolating
function K(t, f; Ao , A,). If fe Ay + A, , define

K(t, f; Ao, A) = fJ—:lfh (Hfo“.Ao + ¢ ”fl“A.)

where the infimum is taken over all choices of f, and f, such that foe A, , f, e 4,
and f = f, + f, . The intermediate space (4, , 4,)s, is then defined as the space
of all functions f in A, + A, such that

1] caranron = (f: (UK, 13 A, , ADT' ?)m < w

where 0 < 6 < 1and 0 < ¢ £ «. A complete treatment is given by Sagher [10]
and Peetre and Sparr [8].
The space BMO(R") may be defined as those functions f such that

[1llaswo = sup {ir:f (I_é_fj; If — c|>} < w

where the supremum is taken over all cubes @ in R", and the infimum is taken
over all real values ¢. In the following results the underlying space will always
be R", although any measure space with a regular Vitali family would suffice
(see Riviere [9]). We will extend previous results to identify (L*, BMO),, and
(H®, BMO)y, for 0 < a < « and show the equivalence of BMO with the more
generally defined family of spaces BMO™ for 0 < r < .

1. The spaces (L*, BMO)y, (0 < a < o). The spaces (L%, L"),, with
0 < a < « have been identified by Krée [7] as

a L —_ ra, _..__9_._
(LJL)GG‘_Ly p—1—0

where 0 < § < 1,0 < ¢ £ « and L* is the Lorentz pg-space. This result is
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